In this paper, we study metrics of quantum states. These metrics are natural generalization of trace metric and Bures metric. We will prove that the metrics are joint convex and contractive under quantum operation. Our results can find important application in studying the geometry of quantum states and is useful to detect entanglement.
I. INTRODUCTION
Let S(H) be the set of all quantum states on a Hilbert space H. Suppose we have two quantum states ρ, σ. The trace metric is defined as: d t (ρ, σ) = . And the Bures metric is defined as d B (ρ, σ) = 2 − 2F (ρ, σ). Uhlmann-Jozsa fidelity plays an important role in quantum information processing, see [1] .
Let ρ be a quantum state. A positive-operator valued measurement (POVM) is defined as a set of non-negative, Hermitian operators E k which are complete in the sense that k E k = I. While projection measurement(PVM) also requires that E k are all projections, see [2] .
Suppose we have two quantum states ρ, σ. A family of metrics can be defined as follows:
Definition 1 [3] . Let ρ, σ be quantum states. And suppose p is a fixed positive integer, then we can define a metric as follows:
where the supremum is taken over all finite families {P k : k = 1, 2, ...N } of mutually orthogonal projections such that N k=1 P k = I. And we call the projections P k attaining the supremum in the equation (1) as optimal projections.
In [3] , it is shown that when p = 1, the metric d 1 (ρ, σ) = 2d t (ρ, σ) = Tr|ρ − σ|, that is, d 1 (ρ, σ) equals two times the trace metric; and when p = 2, the metric
The importance of the result of [3] is that it unified two important distances: trace metric and Bures metric in a common frame.
In this paper, we will study the metrics introduced in [3] and get a family of " brother " metrics, proved a majorization relation for metrics of states, also, our * Email:chenjl@nankai.edu.cn result lead to a new fidelity measure and can be used to quantify entanglement.
II. THE METRICS OF QUANTUM STATES
First, we want to prove that whether the metric d p (ρ, σ) is contractive under quantum operation. Recall that a quantum operation is a completely positive trace preserving (CPT) map. Theorem 1. (contractive of the metric under CPT map) The metric d p (ρ, σ) is contractive under quantum operation for all p. That is, suppose T is a completely positive trace preserving (CPT) map, and ρ, σ are density operators, then we have the following inequality:
Proof. Note that M n becomes a Hilbert space with inner product < X, Y >:= Tr(XY * ), X, Y ∈ M n . A linear map T induces its adjoint map as: < T (X), Y >=< X, T * Y >. If T is a positive map, then the adjoint map T * is also a positive map. The trace preserving property of T means that T * is unital, that is, T * (I) = I. Now suppose X k are optimal projections for quantum states T (ρ), T (σ), so we get
The proof is left in appendix.
III. A BROTHER METRICS
We know that for p = 1, 2, there are operational forms for d p (ρ, σ), i.e., d 1 (ρ, σ) = Tr|ρ − σ|, and d 2 (ρ, σ) = 2 − 2F (ρ, σ), then we can get the value of d 1 (ρ, σ) and d 2 (ρ, σ) directly from the matrix entries of ρ and σ. However, for other p, we can not enjoy this advantage, since d p (ρ, σ) is defined via taking supremum of projections, so a natural question arises: just like p = 1, 2, can we get the operational form for all
This problem is difficult, and we leave as a future topic. What we want to say in this paper is that, we can introduce a new family of metrics, these metrics can be seen as brother metrics of the metrics d p (ρ, σ), and have the advantages of easy to calculate.
Definition 2. Similar to definition 1, we define
Proof. It is easy to show that
Recall that the Schattern p norm ||.|| p for an operator y is defined as ([? ]):
p . Now we define two matrices y 1 and y 2 , y 1 := ρ 
In quantum information theory, Majorization turned out to be a powerful tool to detect entanglement. It was proved in Ref. [4] that any separable state ρ acting on
where {λ i } and {λ 
, then the following Majorization relation holds:
That is,
. In particular, the following holds:
Proof.In [5] , Ando proved that if f (t) is a nonnegative, operator-monotone function on [0, ∞) and |||.||| is a unitary invariant norm, then
Since, for 1 ≤ p ≤ q, the function f (t) = t p q is operatormonotone, it follows from
Consider the Schatten q-norm from equation (5) to get
And replace ρ, σ in (6) by ρ 1 p , σ 1 p respectively, then we finished the proof. Now we discuss the convex property of D p (ρ, σ). Similar to the proof of theorem 2, we get the following:
(D p (ρ, σ)) p is joint convex if and only p = 1, 2. Now we will discuss if the metrics D p (ρ, σ) is contractive under quantum operation.
For p = 1, we know that
, so it is contractive under quantum operation.
For p = 2, we know that (
). Uhlmann-Jozsa fidelity was widely studied, and plays a key role in quantum information theory, but it is not easy to calculate, so some alternative fidelity measures were introduced, see [9] , [10] and [11] . The new fidelity introduced in [9] , [10] and [11] are all proved to be a good fidelity measure.
On the other hand, we know that Uhlmann-Jozsa fidelity can be rewritten as F (ρ, σ) = Tr|ρ . They only differ from a phase factor! So this leading to the following idea: if we define another fidelity, called A-fidelity in this paper, as
Then we ask. can F A (ρ, σ) be a good fidelity measure? The answer is yes. In fact, in [6] , the author show that F A (ρ, σ) has the following appealing properties:
Property1: CPT expansive property if ρ and σ are density matrices, Φ is a CPT map, then
Property 2: When ρ = |φ φ| and σ = |ϕ ϕ| are two pure states, Uhlmann-Jozsa fidelity and A-fidelity both reduce to the inner product, that is, F (ρ, σ) = F A (ρ, σ) = | φ|ϕ | 2 . Now we know that if p = 1 or p = 2, D p (ρ, σ) is joint convex and also is contractive under quantum operation.
We will show that these are the only two cases that satisfying CPT contractive property.
For others p = 1, 2, using the numerical method, we can get that D p (ρ, σ) is neither decreasing nor increasing under quantum operation.
We conclude as following: 
p is joint convex if and only p = 1, 2. Since the metrics d p and D p are natural generalization of trace metric and Bures metric, we wish that they can be used to study the geometrical structure of quantum states, and find their application in quantum information theory.
We know that there are many entanglement measures, one of them is the geometrical entanglement measure. Its idea is based on the following: The set of all separable states is a convex set, denoted as S, if we have a state ρ, then the closer the state ρ to the set S, the less entangled it is. So the entanglement measure is defined as the minimal distance of the state ρ to any state of S:
Usually, we use Bures metric, that is, the metric d 2 , to get the geometrical entanglement measure, we wish that the metric D 2 is also a good candidate for geometrical entanglement measure, this work will be done in the future.
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First, we will give an inequality. Let P 1 , P 2 , P 3 , P 4 be 2 dimension discrete probability distributions, Denote as P i = {P i1 , P i2 }, where P i1 , P i2 ≥ 0, P i1 + P i2 = 1, i = 1, 2, 3, 4. Then the following holds: for all 0 ≤ λ ≤ 1 and p = 1, 2,
For p = 1, the above inequality always holds, in fact,
For p = 2, problem reduces to prove that the function f (a, b) := |a
We can get the Hessian matrix of
, and f
We know that the function f (a, b) is joint convex if and only if the Hessian matrix H(f ) is non-negative definite. And H(f ) is non-negative definite if and only if f Tr(λρ 1 + (1 − λ)ρ 2 )X k , Tr(λσ 1 + (1 − λ)σ 2 )X k and Tr(ρ 1 X k ), Tr(ρ 2 X k ), Tr(σ 1 X k ), Tr(σ 2 X k ) are all discrete probability distributions. Put the four probability distributions Tr(ρ 1 X k ), Tr(ρ 2 X k ), Tr(σ 1 X k ), Tr(σ 2 X k ) in inequality (8), we get 
